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Abstract: In the first section of this paper we present generalizations of known results on the set of associated
primes of Matlis duals of local cohomology modules; we prove these generalizations by using a new technique.
In section 2 we compute the set of associated primes of the Matlis dual of H
d−1
J (R), where R is a d-dimensional
local ring and J ⊆ R an ideal such that dim(R/J) = 1 and HdJ(R) = 0.
0. Introduction and Motivation
In algebraic geometry one investigates the number of equations needed to cut out a given variety; this
number is called the arithmetic rank ara; thus for a given ideal I in a noetherian ring R we have
ara(I) = min{h ∈ lN|∃r1, . . . , rh ∈ I :
√
I =
√
(r1, . . . , rh)R}.
One always has ara(I) ≥ codim(I). We say I (or the variety given by I) is a (set-theoretic) complete
intersection if ara(I) = codim(I) holds. For an R-moduleM , we denote by HiI(M) the i-th local cohomology
module ofM supported in I. Let n be a natural number; then ara(I) ≤ n implies 0 = Hn+1I (R) = Hn+2I (R) =
. . ., but the converse implication does not hold in general (see [9, example 1.1] for a counterexample). If I
is a complete intersection in a Cohen-Macaulay ring R with ara(I) =: h then HlI(R) 6= 0 ⇐⇒ l = h holds.
More precisely, at least if R is local, the case I is a complete intersection can be characterized as follows:
Assume that HlI(R) 6= 0 ⇐⇒ l = h holds. Let r1, . . . , rh ∈ I be an R-regular sequence; then
√
I =
√
(r1, . . . , rh)R ⇐⇒ r1, . . . , rh is a regular sequence on D(HhI (R))
holds (for a proof see [11, section 0] and for related remarks see [9, section 3]). Here D( ) := DR( ) stands
for the Matlis dual functor with respect to the local ring R (i. e. D( ) = HomR( ,ER(R/m)), where
ER(M) stands for an R-injective hull of an R-module M) and the condition r1, . . . , rh is a regular sequence
on D(HhI (R) means that D(H
h
I (R))/(r1, . . . , rh)D(H
h
I (R)) 6= 0 holds and that every ri operates injectively
on D(HhI (R))/(r1, . . . , ri−1)D(H
h
I (R)) = D(H
h−i+1
(ri,...,rh)R
(R/(r1, . . . , ri−1)R)). Thus if one is interested in the
arithmetic rank or in complete intersections one is naturally lead to consider the set of associated primes
of Matlis duals of top local cohomology modules. Similar questions were examined in [11] and [9]. In [11,
section 1] it was conjectured that for every noetherian local ring (R,m) the equality
AssR(D(H
i
(x1,...,xi)R
(R))) = {p ∈ Spec(R)|Hi(x1,...,xi)R(R/p) 6= 0} (∗)
holds for any i ≥ 1, x1, . . . , xi ∈ R; there it was shown ([11, theorem 1.1]) that this conjecture (*) is equivalent
to: If (R,m) is a noetherian local ring, i ≥ 1 and x1, . . . , xi ∈ R, the set Y := AssR(D(Hi(x1,...,xi)R(R))) is
stable under generalization, i. e.
p, q ∈ Spec(R), p ⊆ q, q ∈ Y ⇒ p ∈ Y.
holds. It seems reasonable to conjecture more, namely: In the situation above all primes p maximal in Y
have the same dimension, namely dim(R/p) = i. We will refer to this conjecture by (+).
In [11, theorem 2.2.1] it was shown that for every noetherian local ring R containing a field
{p ∈ Spec(R)|x1, . . . , xi is part of a system of parameters of R/p} ⊆ AssR(D(Hi(x1,...,xi)R(R)))
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holds for any i ≥ 1, x1, . . . , xi ∈ R; secondly it was shown (see [11], corollary 2.2.2) that for every such ring
R and every x ∈ R one has
AssR(D(H
1
xR(R))) = Spec(R) \V(x).
And thirdly it is known ([9, theorem 1.1]) that for an ideal I in a noetherian local ring R such that 0 =
H2I(R) = H
3
I(R) = . . . holds, one has
ara(I) ≤ 1 ⇐⇒ AssR(D(H1I(R))) satisfies prime avoidance
(see [9, theorem 1.1 (i) and (ii)] for details).
In section 1 of this work we will generalize the first two of the last three mentioned results to the class
of all noetherian local rings; this will be done by methods different to the ones used in [11]; in this section
the crucial point is lemma 1.1. In addition we will prove some more facts related to these results, e. g. a
version of the first of the above mentioned results for local cohomology of an R-module M (instead of R).
We would like to point out that Brodmann and Huneke proved lemma 1.6 (that will be needed in section
2) and used it to give a short proof of the Hartshorne-Lichtenbaum vanishing theorem (see [3]).
In section 2 we consider a d-dimensional local ring, an ideal J of R such that dim(R/J) = 1 and
HdJ (R) = 0. We are interested in AssR(D(H
d−1
J (R))). We obtain partial results in the general case; in the
case where R is complete we are able to completely compute this set:
AssR(D(H
d−1
J (R)) = {p ∈ Spec(R)| dim(R/p) = d− 1, dim(R/(p+ J) = 0} ∪ AsshR.
Thus AssR(D(H
d−1
J (R)) is stable under generalization. Assh(M) denotes the set of associated primes of M
of highest dimension (M any R-module).
1. Preliminaries
1.1 Lemma
Let R be a ring, x, y ∈ R and U an R-submodule of Rx such that im ιx ⊆ U , where ιx : R → Rx is the
canonical map. Let S := im ιy ⊆ Ry. There exists an R-epimorphism
Rx/U → Rxy/(Sx + Uy).
Proof: Let V := Sx + Uy ⊆ Rxy and let (b1, b2, . . .) ∈ RlN+ be an infinite sequence. For i ∈ lN we set
ρi :=
i∑
j=1
bj
xi−j+1yj
+ V ∈ Rxy/V (i ∈ lN).
We calculate
xρi+1 − ρi = (
i+1∑
j=1
xbj
xi−j+2yj
+ V )− (
i∑
j=1
bj
xi−j+1yj
+ V )
=
bi+1
yi+1
+ V
= 0,
because bi+1
yi+1
∈ (im ιx)y ⊆ Uy ⊆ V . Thus we have xρi+1 = ρi for all i ∈ lN and so we get a map ϕ : Rx →
Rxy/V given by
r
xi
7→ rρi (r ∈ R, i ∈ lN).
It is easy to see that ϕ is R-linear. Let u ∈ U be arbitrary. There are r ∈ R and i ∈ lN such that u = r
xi
.
We have
ϕ(u) = rρi =
i∑
j=1
rbj
xi−j+1
+ V = u
i∑
j=1
xj−1bj
yj
+ V = 0,
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because u
∑i
j=1
xj−1bj
yj
∈ Uy ⊆ V . This implies U ⊆ ker(ϕ) and hence we get an induced R-homomorphism
f : Rx/U → Rxy/V . The set { 1xi + U |i ∈ lN+} is a generating set for Rx/U and so we have
f is surjective ⇐⇒ ϕ is surjective ⇐⇒ {ρ1, ρ2, . . .} generates Rxy/V.
The set { 1
xiyj
+ V |i, j ∈ lN+} generates Rxy/V . For i ∈ lN+ we set
Bi :=


b1 b2 b3 . . . bi
b2 b3 b4 . . . bi+1
...
...
...
...
bi bi+1 bi+2 . . . b2i−1


Then we have for i ∈ lN+:
(ρi, yρi+1, . . . , y
i−1ρ2i−1)
T = Bi( 1
xiy
+ V,
1
xi−1y2
+ V, . . . ,
1
xyi
+ V )T .
If we choose b1, b2, . . . ∈ R in such a way that detBi ∈ R∗ for all i ∈ lN+ (which is possible, B consists only
of ones and zeroes), then {ρ1, ρ2, . . .} is generating Rxy/V .
From now on we assume R is noetherian and we can use Cech cohomology.
1.2 Theorem
Let R be a noetherian ring, M an R-module, m ∈ lN+, n ∈ lN, x1, . . . , xm, y1, . . . , yn ∈ R. Then there exists
an R-epimorphism
H
m
(x1,...,xm)R
(M)→ Hm+n(x1,...,xm,y1,...,yn)R(M).
Proof: Obviously it suffices to prove the statement for the caseM = R. Using Cech cohomology to compute
both local cohomology modules the statement follows immediately from lemma 1.1 by induction on n.
1.3 Theorem
Let (R,m) be a noetherian local ring, m ∈ lN+, x1, . . . , xm ∈ m and M a finitely generated R-module. Then
the following statements hold:
(i) dim(M/pM) ≥ m for every p ∈ AssR(D(Hm(x1,...,xm)R(M))).
(ii) {p ∈ SuppR(M)|x1, . . . , xm is part of a system of parameters of R/p} ⊆ AssR(D(Hm(x1,...,xm)R(M))).
(iii) AssR(D(H
1
xR(R))) = Spec(R) \V(x) for every x ∈ R.
(iv) If x1, . . . , xm is part of a system of parameters of M , we have Assh(M) ⊆ AssR(D(Hm(x1,...,xm)R(M)));
furthermore, in case m = dim(M) equality holds: AssR(D(H
dim(M)
m (M))) = Assh(M).
(v) If R is complete, p ∈ SuppR(M) and dim(R/p) = m, the equivalence
p ∈ AssR(D(Hm(x1,...,xm)R(M))) ⇐⇒ x1, . . . , xm is a system of parameters of R/p
holds.
Proof: We set I := (x1, . . . , xm)R.
(i) Let p ∈ AssR(D(HmI (M))). We conclude
0 6= HomR(R/p, D(HmI (M))) = D(HmI (M)⊗R (R/p)) = D(HmI (M/pM)).
Thus we have HmI (M/pM) 6= 0 and statement (i) follows.
(ii) Let p ∈ SuppR(M) such that x1, . . . , xm is part of a system of parameters of R/p. By completing
x1, . . . , xm to a system of parameters of M/pM and using theorem 1.2 we may assume that x1, . . . , xm is a
system of parameters of M/pM . So we have dimM/pM=dim(R/p) = m. Therefore we get
HomR(R/p, D(H
m
I (M))) = D(H
m
I (M/pM))
= D(H
m
m (M/pM)))
6= 0.
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On the other hand we have HomR(R/q, D(H
m
I (M))) = 0 for every prime ideal q of R containing p properly
by (i); the statement follows.
(iii) Using (ii) it remains to show x 6∈ p for every p ∈ AssR(D(H1xR(R))). As we have seen our hypothesis
implies H1xR(R/p) 6= 0. So we must have x 6∈ p.
(iv) The first statement follows from (ii) and then the second statement from (i).
(v) Let p ∈ SuppR(M) such that dim(R/p) = m and p ∈ AssR(D(HmI (M))). We have to show that
x1, . . . , xm is a system of parameters of M/pM : H
m
I (M/pM) 6= 0 implies HmI (R/p) 6= 0. As R and hence
R/p are complete we may conclude from Hartshorne-Lichtenbaum vanishing that dim(R/(I + p)) = 0, i. e.
x1, . . . , xm is a system of parameters of R/p.
1.4 Remarks
(i) In theorem 1.3 (ii) we do not have equality in general. For a counterexample see [11, 2.2.4].
(ii) Statements (ii) and (iii) of theorem 1.3 are generalizations of [11, theorems 2.2.1 and 2.2.3] resp. of [11,
corollary 2.2.2], where the same statements were shown in special cases depending on the characteristics of
R and R/m.
(iii) Obviously the statements of theorem 1.3 fit together well with conjectures (*) and (+), but are not
sufficient to prove either of them.
1.5 Lemma
Let (S,m) be a noetherian local complete Gorenstein ring of dimension n+1 (≥ 1) and P ⊆ S a prime ideal
of height n. Then
D(H
n
P(S)) = ŜP/S
holds canonically.
Proof: This is a special case of [6, Lemma 3.1].
1.6 Lemma
Let (R,m) be a noetherian local complete domain and I ⊆ R a prime ideal such that dim(R/I) = 1. Then
there exist a noetherian local complete regular ring S, a local homomorphism S
ρ→ R and a prime ideal
Q ⊆ R such that R is finite as an S-module and such that
height(ker(ρ)) = 1, dim(S/Q) = 1,
√
QR = I, ker(ρ) ⊆ Q
hold. Furthermore, R and S have the same residue field via ρ.
Proof: See [3, Proof of (1.2)].
2. Results
In this section we calculate the set of associated primes of D(H
d−1
J (R)), where J is a one-dimensional ideal
in a d-dimensional local complete ring R; furthermore we will partially calculate this set in the more general
situation where R is not necessarily complete.
2.1 Lemma
Let R be a noetherian ring.
(i) Let P be a prime ideal of R which is not maximal. Then the equivalence
RP = R̂P ⇐⇒ P is minimal in Spec(R)
holds.
(ii) Assume that R is local (and noetherian) and that all prime ideals associated to R are minimal in Spec(R).
Then AssR(Rˆ/R) ⊆ Ass(R) holds. In particular if R is a non-complete (local) domain (i. e. if R ( Rˆ),
AssR(Rˆ/R) = {0}
holds.
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Proof: (i) The implication ⇐ is clear as every zero-dimensional local noetherian ring is complete. We
assume there exists a prime ideal P of R which is neither minimal nor maximal in Spec(R) and such that
RP = R̂P . PRP is not minimal in Spec(R). Choose Q,Q
′ ∈ Spec(R) such that Q′ ( P ( Q and such that
dim(RQ/PRQ) = 1. We set R := RQ/Q
′RQ and P := PRQ/Q
′RQ ∈ Spec(R) and we get
RP = RP /Q
′RP = R̂P /Q
′R̂P = ̂RP /Q′RP = R̂P .
So we may assume that R is a local domain and dim(R/P ) = 1.
Take y ∈ m \ P . Assume that for some n ∈ lN
P (n) ⊆ P (n+1) + yR
holds (P (n) := PnRP ∩R is a P -primary ideal of R such that P (n)RP = PnRP ). It would follow that
P (n) = P (n) ∩ (P (n+1) + yR) = P (n+1) + (P (n) ∩ yR) = P (n+1) + yP (n)
and then P (n) = P (n+1) by the Nakayama lemma. Again by Nakayama, this would imply PnRP = 0 and so
PRP would be minimal in Spec(RP ). We conclude that for every n ∈ lN
P (n) 6⊆ P (n+1) + yR
holds. For every n ∈ lN we choose xn ∈ P (n) \ (P (n+1) + yR) and define (for every n ∈ lN+)
ξn :=
n−1∑
i=0
xi
y(i+1)2
∈ RP .
Because of ξn+1 − ξn = xn
y(n+1)
2 ∈ PnRP (for every n), we have
(ξn + P
nRP )n∈lN+ ∈ R̂P = RP .
There exists a ξ ∈ RP such that
(ξ + PnRP )n∈lN+ = (ξn + P
nRP )n∈lN+ ,
i. e.
ξ − ξn ∈ PnRP
for all n ∈ lN+.
Write ξ = a
b
, where a ∈ R, b ∈ R \P . The ideal P + bR of R is either R or m-primary, so there exist p ∈ lN+
and c ∈ R such that yp − bc ∈ P ; it follows that
ypn − bcn ∈ Pn,
where
cn := b
−1(ypn − (yp − bc)n) ∈ R
and we conclude that
ξ − acn
ypn
=
aypn − abcn
bypn
=
a(yp − bc)n
bypn
∈ PnRP
for every n ∈ lN+. We get
ξn − acn
ypn
= ξ − acn
ypn
− (ξ − ξn) ∈ PnRP
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for every n ∈ lN+. From this we get (for n > p) after multiplication by yn2 that
n−1∑
i=0
xiy
n2−(i+1)2 − acnyn(n−p) ∈ P (n)
and in particular xn−1 ∈ P (n) + yR which is a contradiction.
(ii) We have to prove only the first statement, the second one follows from it immediately; Let P be an
arbitrary element of Spec(R) \Ass(R); We conclude HomR(R/P,R) = 0 and hence also HomR(R/P, Rˆ) = 0
(because P contains an element which operates injectively on R and Rˆ is flat over R). Thus the short exact
sequence
0→ R ⊆→ Rˆ→ Rˆ/R→ 0
induces an exact sequence
0→ HomR(R/P, Rˆ/R)→ Ext1R(R/P,R)
ϕ→ Ext1R(R/P, Rˆ).
By our hypothesis there exists x ∈ P such that x 6∈ Q for all Q ∈ Ass(R). We get short exact sequences
0→ R x→ R→ R/xR→ 0
and
0→ Rˆ x→ Rˆ→ Rˆ/xRˆ→ 0.
Because of x ∈ P a commutative diagram with exact rows is induced:
0 → HomR(R/P,R/xR) → Ext1R(R/P,R) → 0
↓ ψ ↓ ϕ
0 → HomR(R/P, Rˆ/xRˆ) → Ext1R(R/P, Rˆ) → 0.
ψ is injective as R/xR ⊆ R̂/xR = Rˆ/xRˆ. Therefore ϕ is injective which implies that HomR(R/P, Rˆ/R) = 0,
i. e. P 6∈ AssR(Rˆ/R).
2.2 Theorem
Let (R,m) be a d-dimensional local noetherian complete domain, where d ≥ 1; let P be a prime ideal of R
such that dim(R/P ) = 1. Then
{0} ∈ AssR(D(Hd−1P (R)))
holds.
Proof: We apply lemma 1.6, set R0 := im(ρ) and consider the ideal Q from 1.6 as an ideal of R0. By lemma
1.6, R0 is a complete intersection, in particular it is Gorenstein. By m0 we denote the maximal ideal of
R0. R is finite over R0 and so we have DR0(R) = HomR0(R,ER0(R0/m0))) = ER(R/m) = DR(R), which
implies DR0(M) = DR(M) for every R-module M . On the other hand the functor H
d−1
Q ( ) is right exact by
Hartshorne-Lichtenbaum vanishing; in particular we have
DR(H
d−1
P (R)) = DR0(H
d−1
Q (R0)⊗R0 R) = HomR0(R,DR0(Hd−1Q (R0)))
and so every R0-monomorphism R0 → DR0(Hd−1Q (R0)) induces an R-monomorphism HomR0(R,R0) →
DR(H
d−1
P (R)). But {0} ∈ AssR0(HomR0(R,R0)) holds (because
HomR0(R,R0)⊗R0 Q(R0) = HomQ(R0)(R⊗R0 Q(R0), Q(R0))
is a non-zero Q(R0)−vector space, here we use the fact that R is finite over R0) and thus it suffices to
show {0} ∈ AssR0(DR0(Hd−1Q (R0))), i. e. we may assume R0 is Gorenstein. Now, by lemma 1.5, we have a
commutative diagram with exact rows:
0 → R ⊆→ R̂P → D(Hd−1P (R)) → 0
↓⊆ ↓=
0 → RP ⊆→ R̂P → R̂P /Rp → 0.
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This diagram induces an epimorphism
D(H
d−1
P (R))→ R̂P /RP .
By lemma 2.1 (i) we have R̂P /RP 6= 0 and it follows from lemma 2.1 (ii) that (R̂P /RP ) ⊗R (Q(R)) 6= 0.
Thus we have D(H
d−1
P (R))⊗R Q(R) 6= 0 by the above epimorphism.
2.3 Lemma
Let (R,m) be a noetherian local complete ring, d := dim(R) ≥ 1, J ⊆ R an ideal of R such that dim(R/J) =
1. Then
{Q ∈ AssR(D(Hd−1J (R)))| dim(R/Q) = d} = {Q ∈ Assh(R)| dim(R/(J +Q)) ≥ 1}.
If HdJ (R) = 0,
Assh(D(H
d−1
J (R))) = Assh(R).
Proof: The second statement follows from the first one by Hartshorne-Lichtenbaum vanishing. We prove the
first statement now in the special case where dim(R/(J +Q)) ≥ 1 for all Q ∈ Assh(R). In the second part of
the proof we will show how to reduce the general to the special situation. Now, in the special case it suffices
to show the inclusion “⊇”. By Hartshorne-Lichtenbaum vanishing we have HdJ(R) = 0, i. e. Hd−1J ( ) is right
exact. Let Q ∈ Assh(R) be arbitrary. The canonical epimorphism R→ R/Q =: R induces a monomorphism
D
R
(H
d−1
JR
(R)) = DR(H
d−1
J (R))→ D(Hd−1J (R)).
If {0} ∈ Ass
R
(D
R
(H
d−1
JR
(R))) then Q ∈ AssR(D(Hd−1J (R))), and so we may assume that R is a domain.
If we can write J = J1 ∩ J2 with ideals J1, J2 of R such that J1 + J2 is m-primary then because of
HdJ1(R) = H
d
J2
(R) = 0 (Hartshorne-Lichtenbaum vanishing) a Mayer-Vietoris sequence argument gives us an
epimorphism
H
d−1
J (R)→ HdJ1+J2(R) = Hdm(R).
But then theorem 1.3 shows that
{0} = Assh(R) = AssR(D(Hdm(R))) ⊆ AssR(D(Hd−1J (R))).
If there is no such decomposition J = J1 ∩ J2 of J we may assume that J is a prime ideal; but then
the statement follows from theorem 2.2. Now we turn to the general case, i. e. we assume there is a
Q ∈ Assh(R) such that dim(R/(J + Q)) = 0. We define U(R) to be the intersection of all Q′-primary
components of a primary decomposition of the zero ideal in R for all Q′ ∈ Assh(R). Apparantly we have
AssR(R/U(R)) = Assh(R) and dim(U(R)) < d. Because of the latter fact the short exact sequence 0 →
U(R)
⊆→ R→ R/U(R)→ 0 induces an exact sequence
0→ D(Hd−1J (R/U(R)))→ D(Hd−1J (R))→ D(Hd−1J (U(R))).
Trivially dimR(SuppR(H
d−1
J (U(R)))) ≤ d− 1 holds. By considering R/U(R) rather then R we may assume
that AssR(R) = Assh(R). We write 0 = I
′ ∩ I ′′ with ideals I ′, I ′′ of R such that AssR(R) = AssR(R/I ′) ∪
AssR(R/I
′′) and dim(R/(J + Q′)) ≥ 1 for all Q′ ∈ AssR(R/I ′) and dim(R/(J + Q′′)) = 0 for all Q′′ ∈
AssR(R/I
′′)). It follows that dim(R/(J + I ′′)) = 0. By using a Mayer-Vietoris argument and the facts that
HdJ (R/I
′) = 0 (Hartshorne-Lichtenbaum vanishing) and HiJ(R/I
′′) = Him(R/I
′′) for all i ∈ lN we get a short
exact sequence
D(H
d−1
m (R/I
′ + I ′′))→ D(Hd−1J (R/I ′))⊕D(Hd−1m (R/I ′′))→
→ D(Hd−1J (R))→ D(Hd−2m (R/(I ′ + I ′′))).
It is clear that we have
dimR(SuppR(D(H
d−1
m (R/(I
′ + I ′′))))), dimR(SuppR(D(H
d−2
m (R/(I
′ + I ′′))))) ≤ d− 1.
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One can write R as a quotient of a local Gorenstein ring S such that dim(S) = dim(R); over S one has local
duality and therefore one may conclude (note that in the formula below it does not make any difference if
we take D with respect to R or to S)
D(H
d−1
m (R/I
′′)) = Ext1S(R/I
′′, S)
and hence
dimR(SuppR(D(H
d−1
m (R/I
′′)))) ≤ d− 1.
Thus we get, by what is already shown,
{Q ∈ AssR(D(Hd−1J (R)))| dim(R/Q) = d} = {Q ∈ AssR(D(Hd−1J (R/I ′)))| dim(R/Q) = d} = Assh(R/I ′).
2.4 Theorem
Let (R,m) be a d-dimensional noetherian local ring and J ⊆ R an ideal such that dim(R/J) = 1 and
HdJ (R) = 0. Then
Assh(R) = Assh(D(H
d−1
J (R))).
Proof: One has Hd
JRˆ
(Rˆ) = HdJ (R)⊗R Rˆ = 0 and
D
Rˆ
(H
d−1
JRˆ
(Rˆ)) = D
Rˆ
(H
d−1
J (R)⊗ Rˆ)
= HomR(H
d−1
J (R), DRˆ(Rˆ))
= DR(H
d−1
J (R))
These imply that every Rˆ-monomorphism ϕ : Rˆ/P→ D
Rˆ
(H
d−1
JRˆ
(Rˆ)), where P is a prime ideal of Rˆ, induces
an R-monomorphism Rˆ/P→ DR(Hd−1J (R)). On the other hand we have a R-monomorphism R/p→ Rˆ/P,
where p := P ∩R. Composition of these monomorphisms gives us a monomorphism
R/p→ DR(Hd−1J (R)).
Because of Assh(R) = {P∩R|P ∈ Assh(Rˆ)} we may assume R is complete. But then the statement follows
from lemma 2.3.
2.5 Theorem
Let R be a d-dimensional local complete ring and J ⊆ R an ideal such that dim(R/J) = 1 and HdJ(R) = 0.
Then
AssR(D(H
d−1
J (R)) = {P ∈ Spec(R)| dim(R/P ) = d− 1, dim(R/(P + J)) = 0} ∪Assh(R).
Proof: Let P ∈ Spec(R). If dim(R/P ) ≤ d − 2 we have HomR(R/P,D(Hd−1J (R))) = D(Hd−1J (R/P )) = 0
and hence P 6∈ AssR(D(Hd−1J (R))). If dim(R/P ) = 1 then (R := R/P ):
HomR(R/P,D(H
d−1
J (R))) = D(H
d−1
J (R/P )) = D(H
d−1
JR
(R)).
R is complete and so, by Hartshorne-Lichtenbaum the equivalence
H
d−1
JR
(R) 6= 0 ⇐⇒ dim(R/JR) = 0
holds. On the other hand we have R/JR = R/(P + J) and therefore we have
{P ∈ AssR(D(Hd−1J (R)))| dim(R/P ) = d− 1} =
= {P ∈ Spec(R)| dim(R/P ) = d− 1, dim(R/(P + J)) = 0.
8
Now the statement follows from lemma 2.3.
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